|:> restart;

Y Equation du mouvement pendule double sphérique (méthode
de Lagrange)

[ Position de la masse 1

> mlPos:=[x[1] (t)=1l1l*sin(theta[l] (t)) *cos(gamma[l] (t)) ,y[1] (t)=
lli*sin(theta[l] (t)) *sin(gamma[1l] (t)),z[1l] (t)=-11l*cos (theta[l]
(e 1;

mlPos = [xl(t) =11 sin(@l(t)> cos(yl(t)),yl(t) =11 sin(@l(t)> sin(yl(t)),zl(t) = 1.1
-11 cos(el(t)ﬂ

Position de la masse 2

> templ:=[x[2] (t)=x[1] (t)+12*sin(theta[2] (t)) *cos (gamma[2] (t)),
y[2] (t)=y[1] (t)+12*sin(theta[2] (t)) *sin(gamma[2] (t)) ,z[2] (t)=
z[1] (t)-12*cos (theta[2] (t))];

templ := [ x,(1) =x, (1) +12sin(0,(1) ) cos((1) ), y,(t) =y, (1) (1.2)
+12 sin(ez(t)> sin(yz(t)>,zz(t) =z(t) =12 cos(ez(z))]

_On substitu m1Pos dans m2Pos
> m2Pos:=subs (mlPos, templ) ;

m2Pos = [xz(t) =11 sin(el(t)) cos(yl(t)) +12 sin<92(t)> cos(yz(t) ),yz(t) 1.3)
=/ sin(Gl(t)) sin(yl(t)) + 12 sin(ez(t)) sin(yz(t) ),zz(t) =-]] cos(Gl(t)>
-2 cos(@z(t)”

V¥ Expression de 'energie cinétique

Expression des vitesses
> mlVit:=v[1l] (t)=sqrt(diff (x[1] (t),t)*2+diff(y[1] (t),h t) "2+
diff(z[1] (t),t)"2);

mtvie=(0 = | (S0} + (4 ) + (S q0) a1

(> m2vit:=v[2] (t)=sqrt(diff (x[2] (t),t)~2+diff (y[2] (£),t)~2+
diff(z[2] (t),t)"2);

d > (d > (d ?
I m2Vit := v, (1) =/ (E xz(t)) + (Eyz(t)) + (EZZ(”) (1.1.2)
On peut calculer directement les deux avec la fonction seq

> Vit:=[seq(v[i] (t)=sqrt(diff(x[i] (t), t)"2+diff(y[i] (L), t)" 2+
diff(z[i] (t),t)*2),i=1..2)];

wn=/ (L xw) (L) +(Law) e 113)

=/ (% x2(t))2+ (%yz(t))z-i- (%Zz(f))ﬂ

[ On remplace 'expression de x[i](t), y[i](t) et z[1](t) dans m1Vit et m2Vit
> temp2:=expand (subs (mlPos,mlVit)) ;

Vit ==

1 1 AN



temp2 = v, (1)

2
- (l]chS(GI(t))z (% Gl(t)) cos(1, (1))’
2
+1sin(6,(1)) sin(y, (1))’ (% yl(t))
2
+Z]2c0s(61(z‘))2 ( (ciit 0, (1 )) sin(yl(z‘))2

d

2 2
+11%sin (8, (1)) cos(y,(1) ) (E yl(t)) +11%sin(8, (1))’ (i 0 (t)) )

[On peut simplifier les termes trigo
> mlVitAngle:=combine (temp2, trig) ;
mlVitAngle .= v, (1)

2

=i/4u2 (i 0 (z))2+2112 (i y(z))z—zzzz (i y(r)j cos(26,(1))
i 2 dr 1 de 1 dr "1 1
> m2VitAngle:=combine (expand (subs (m2Pos,m2Vit)) , trig) ;

m2VitAngle .= v,(t

)
-1 (411 (% 0,(1)

. ) 12 (% Gz(t)) cos(8,(1) —0,(1))

411 (50,00 )12 (-5 0,000 ) cos(6,(1) +8,(1))
_2112(%Y1(f))2cos(291() +412 ( )2

—2122(% vz(t))zcos(zez() +212 ( )2

+211 (570,00 )12 (5 8,011 ) cos( -8, (1) +0,(1) (1))
+211 (50,00 )12 (4, 8,011 ) eos( -8, (1) —0,(1) (1))
F211 (50,00 )12 (5 0,00 ] cos(8,(1) +3(1) +8,0) — (1)
+211 (570,00 )12 (5 8,000 ) cos(6, (1) +,(1) = 8,(1) ~ (1))
211 (5 0,0 ) 12 (5 0 ) cos(-6, (1) +7,(1) +6,(0) ~ (1))
F211 (50,00 ) 12 (5 0 ) cos(-6,(1) +7,(1) —0,1) (1))
=211 (58,0 ) 12 (5 (0 ) cos(8,(1) +3(1) +8,0) — 1)

(1.1.4)

(1.1.5)

(1.1.6)
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+411 (E el(t)) +211 (E’Yl(t)))
Expressmn de l'energie potentielle

> Ec:=1/2*ml*v[1] (t)*2+1/2*m2*v[2] (t)"2;

2

1 1
Ec.=3m1v1( ) +7m2v2( t)?

_Expression complete
> EcAngle:=subs (mlVitAngle,m2VitAngle, Ec) ;

Ecdngle = - m1 (4 11* (i 0, (¢) )2 +21° (i 0 )2
8 1 dr "1

dr
2
—2177 (% yl(t)) cos(2 91(1‘)))

L, (411 (— 0 (t)) 12 (i 62(1)) cos(0, (£) —6,(1) )

8 i
_411( (% N )cos(@ (1) +6,(1))
2 2
—21P ( s

2
COS

d 2
+212 (dz yz(t))

d
d
)2
% ) cos(20,(1)) +412° (d ez(t))
—2127 (% ) (26
d
i o)

+211(

2 ( P 0, ( ) cos(—el(t) +7,(2) +6,(2) _Yz(’))

(1.1.7)

(1.1.8)



+211 (% Gl(t)) 2 (% 92(t)) cos(—el(t) +7,(¢) —6,(2) —yz(t))
+210 (% 0,(1) ) 12 (% 0,(1) | os(8, (1) + (1) +6,(1) ~ (1))
+211 (% Gl(t)) 12 (% Gz(t)) cos(ﬂl(t) +7,(1) —8,(1) —yz(t))
—21 (% 91“)) 12 (% yz(t)) cos( -8, (1) +3,(1) +6,(1) —3,(1)
+210 (% 0,(1) ) 12 (% yz(t)) cos( -8, (1) +3,(1) —6,(1) —1,(1))
—211 (% el(t)) 12 (% yz(t)) cos(Gl(t) +7,(2) +6,(2) —yz(t))
+211 (% Gl(t)) 2 (% yz(t)) cos(0,(1) +7,(1) = 0,(1) —1(1)
—211 (% yl(t)) 12 (% Gz(t)) cos(—@l(t) +7,(2) +6,(2) —yz(t)>
—2171 (% yl(t)) 2 (% ez(t)) cos(—ﬂl(t) +7,(¢) —6,(2) —yz(t)>
+211 (% yl(t)) 2 (% ezu)) cos(0,(1) +7,(1) +0,(1) — (1))
+210 (% w0 ) 12 (% Gz(t)) cos(8, (1) +,(1) —6,(1) —3,(1))
+211 (% yl(t)) 12 (% yz(t)) cos(—el(t) +v,(1) +6,(1) —yz(t))
211 (G0 ) 12 (5 w00 ) cos( -8, (1) +(0) —6,(1) ~ (1))
=211 (G0 )12 (4 0 ) cos(8, (1) +7, (1) +8,(0) —1(0)
+211 (500 ) 22 (5 w00 ) os(8, (1) (1) = 8,(0) —(n)
+417 (% el(t))2+2112 (% yl(t))zJ
\ 4 Expression de I'energie potentielle
> Ep:=ml*g*z[1] (t) +m2*g*z[2] (t) ;
Ep=mlgz(t) +m2gz1) 1.2.1)
O bt expresionde 140 210 dns
EpAngle = -m1 g 11 cos(0,(1)) +m2g (-1 cos(6,(1)) —2cos(6,()))  (1.2.2)




V¥ Equation de Lagrange

(1.3.1)
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w211 (G ) 12 (5 w000 ) cos( -8, (1) +,(0) +6,(0) — (1))
=211 (G0 ) 12 (4 10 ) cos(~8,(0) +3(1) ~8,(0) ~ (1))
=211 (5000 ) 22 (5 (o) ) cos(8, (1) (1) +8,(0) = (n)
#2110 ] 250 ) cos(8,(0) + () —0,1) —3(1)
+4u2(%-1m)2+2u2(%wﬂnf)+nuguummﬁn)—m2g(

-11 cos(Gl(t)) - cos(ez(l)))

[ On définit les variables du pendule
> var:=[theta[l] (t) ,gamma[1l] (t) ]

var = [Gl(t), yl(t)] 1.3.2)

=> temp3:=subs([seq([diff (var[i] , t)=v[i],var[i]l=q[i]][],6i=1.
.2)]1,L);

tomp3 = < ml (41°V + 217 =211 cos(2 4y ) (1.3.3)

I d d
+-§nﬂ(4ﬂtqﬁ(zgeﬂﬂ)cm%ql—eﬁﬂ)——4Uvﬂ2(azeﬁﬂ)cm%%

d 2

2 2 2
+0,(1)) —211* cos(2.q,) +412 (E?QJ”)

d 2 d

—Zsza-(ﬂ)um@ﬁgﬂ)+2mzpawgﬂ)

3=

+211v, 12
+211v, 12

+211v, 12

7/~ N -~/ N -~/ N -/

gl gl gla 2o
[\S]

+211v,12 cos(ql +q, —0,(1) —yz(t)) —21v, 12 (% yz(t)) cos(

0+ 0,0 = (0)) 211,12 (G (1)) cos( g+, = 0,(0) (1))

—21v 12 (% yz(t)) cos(q1 +q, +6,(1) —Yz(l))

+21v 12 (% yz(t)) cos(q1 +q, —0,(1) —yz(t)) —21v,12 (% Gz(t)) cos(
-q1+qf+%ﬁ)—%U”'—2HVﬂ2(g?@ﬁﬂ)c%<ﬂh+q[—%U)—%UW




+211 v, 12 (i

7 Gz(t)) cos(ql +q, +6,(1) —Yz(l‘))

d
201w, 12 (L
+zv21(dt

-q,+4,+6,(1) —yz(t)) —211v,12 (% yz(t)) cos(—q1 +q,—0,(1) —Yz(t))

0,(1) | cos(q, +4, = 0,(1) (1)) +211 1,12 (% (1) | cos(

d
_2l]v212(5 yz(t))cos<q1+q2+9 )
—I—ZI]vle(% yz(t))cos<ql+q2 )+4l]2v%+2112v§)
+mlgllcos(q)) —m2g (—II cos(q,) — 12 cos( (1) ))
=> partl:=[seq(diff (temp3,v[i]) ,i=1..2)];
- 2 1 d
partl = [m] 1Py, + o m2 (4 112 (E ez(z)) cos(q, — 6,(1)) (13.4)

d

d 92(1)) cos(q1 +92(t)) +21112 (E ez(t)) cos(q1 —q, —0,(1)

_aupn (L
zz(dt

Fp(0)) +21112 ( o Oz(t)) cos( 4, — g+ 8,(1) + (1))

+21112( ) (4, 8,() — (1)) +211 12 (% ezu)) cos(q,

) —21112 ( (t)) cos(q1 —q, —0,(1) —I—yz(t))

Y2112 (% yz(t)) cos(q, — gy +0,(1) T (1)) —211 12 (% yz(t)) cos(q,
Fay 40,0 —%(0) 20112 (5 0 | eos(, ;= 0,0 ~ (1)
+8112v1),% ml (41 v, — 4 1% v, cos(2 ;) +—m2( 4117, cos(2 q))
21112 (% 92(1)) cos(q, — g, — 0,(1) + (1)) — 21112 (% Gz(t)) cos(q,
—q, +6,(1) +y2(t)) +21112 (% Gz(t)) cos(q1 +q, +6,(1) —yz(t)>
+20012 (% ezm) cos(q, + g, — 0,(1) — (1)) +21112 (% yz(t)) cos (4,
—q, —6,(1) +Y2(t)) —21112 (% yz(t)) cos(q1 —q,+6,(1) +y2(t))

—21112 (% yz(t)) cos(q1 +q,+6,(1) —yz(t)) +21112 (% yz(t)) cos(q1

+q,—0,(1) — (1)) +4 11 vz)]

=> part2:=[seq(-diff (temp3,qg[i]) i=1..2

1

)1
part2 = [—— ml l]zvgsin(2 ql) _ L m2 (—4[] v, 12 (

d

" 62(1‘)) sin(q, —0,())  (13.5)

2 8



+41lv, 12 (% Gz(t)) sin(q, +0,(1)) +41% 2 sin(2 q,)
—21v, 12 (% 92(1)) sin(q, —q, = 6,(1) +,(1))

— 211,12 (% 92(1)) sin(q, — 4, +0,(1) +3,(1))
—201v, 12 (% ez(z)) sin(q, + 4, +0,(1) —1(1))
—211v, 12 (% ez(t)) sm(ql +q,—0,(1) —yz(t))
+21v 12 (% yz(t)) sm(q1 —q, —0,(1) +yz(t)>
—211v 12 (% yz(t)) sm(q1 —q,+6,(1) +y2(z))
+211v, 12 (% yz(t)) sin(q, + 4, +0,(1) —1,(1))
—211v, 12 (% yz(t)) sin(q, + 4, — 0,(1) —1,(1))

+200v,y 12 (% ez(z)) sin(q, — 4, = 0,(1) +3,(1))
+211v,12 (% Gz(t)) sm(ql —q,+6,(1) -I—yz(t))
—21v,12 (% Gz(t)) sin(q; + ¢, +6,(1) —y(1))
—21v,12 (% ez(r)) sin(q; + ¢, = 6,(1) —n(1))
—21v,12 (% yz(t)) sin(q, —q, = 6,(1) + (1))

+210 vy 12 (% yz(t)) sin(q, — 4, +8,(1) + (1))
+211v,12 (% yz(t)) sin(q, + 4, +0,(1) —1,(1))
—ZIIVZIZ(% yz(t))sin(ql—i-qz 6,(1) yz(t)))—i-m]gl]sin(ql)
+m2glsin(q,), % m2 (211 v 12 (% Gz(t)) sin(q, — 4, = 0,(1) +3,(1))
+211v,12 (% ez(r)) sin(q; — ¢, +6,(1) +3,(1))
—21v 12 (% 92(1)) sm(q1 +q, +6,(1) —yz(t))

— 211,12 (% 92(1)) sin(q, +4, = 0,(1) — (1))
—211v, 12 (% yz(t)) sm(q1 —q, —0,(1) +yz(t))



+211v, 12

+21v 12

+21v,12
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7/ N -/ N -/ N -/ N -/ N -/ N -/ N -/ N -/ N /X

o CJ— o a—|a E;|CL E;|CL e;|r::. e;|m E;|CL a—|a E;|CL E;|CL

+211v,12

—211v,)12 (E yz(t)) sin(q1 +q,—0,(1) —yz(t))”
> chgt:=[seq([v[i]=diff (var[i],t),q[i]=var[i]][],i=1..2)];
v=$0,00,4,-0,(0, v, = < (0, 4,1, 0)

B partlMod:=subs (chgt,partl) ;
partIMod = [m] & (% 0 (t)) + % m2 (4 112 (%

(1.3.6)

d
chgt = m Y

Gz(t)) cos(0,(1) —6,(1))  (13.7)

41112 (4 0,(0) | cos(8, (1) +8,(1)) +21112 (-5 ,(1) ] wos(8, (1) ~,(1
—e()+vz<>) +211 lz(j e())cos(el(t) Y00 +8,(0) +5,(0)
+21112(%e )| cos(8, (1) +(1) +0,(1) — (1))

+21112 (% 1) ] cos(0,(1) + (1) —0,(1) ~,(1))

—21112 (% L ) cos (8, (1) —0,(1) +y,(1))

+21112 (% Y, (1 ) cos(e)1 1) +6,(1) +yz(t))

21112 (4 (1)) cos(8, (1) +7,(1) +8,(1) ~1,(1)

+210112 (% 1)) cos(0, (1) + (1) —6,(1) —(1)) +817° (% 0,(1) ) .



=> part2Mo

part2Mod =

% ml (4112 (% Yl(t)j — 41 (% yl(t)) cos(2 91(1))) + % m2 (
41 (% vl(t)) cos(26,(1)) —21112 (% ez(r)) cos(0,(1) = 4(1) = 8,(1
d

tp(0)) —21112 (E Oz(t)) cos(8, (1) =1, (1) +6,(1) +3,(1))

+21112 G(I))cos

X 0,(0) +7,(2) +6,(1) =%(1)

+21112

D
—_

~
~

+21112
—21112
=212

+21112 yz(t)) cos(6, (1) +,(1) —0,(1) —Y(1)) +411° (— v, (1) ) ”

subs (chgt,part2) ;

ml 11 (% yl(t))zsin<2 Gl(t)) — % m2 [

I e e e e

Q‘hhm/_\hm

l\)l»—*

411 (% el(z)j 12 (% ez(z)) sin(6, (1) —8,(1))
+411 (% Gl(t)) 12 (% ez(z)) sin(8,(#) +6,(1))
2
+41P (% yl(t)) sin(20,(1)) =211 (% 91(’)) 12 (% Gz(t)) sin(6), (1)

() = 6,00 +(0) —217 Gl(t)) 12 (% Gz(t)) sin (0, (1) —,(1)

+6,(1) +y(1)) — 211 (% 0,(1) ) 12 (% Gz(t)) sin(0,(1) +7,(1) +0
(

—(0)) =211 (5 8,00 ) 12 (47 8,(0) ) sin(8,(0) + (1) —0,(1) (1))
+211 (50,0 )12 (50 ) sin(8, () — (1) —6,(0) +3,(1)
211 (50,0 ) 12 (0 Jsin(8, (1) ~ (1) +,(0) +3,(0)
F211 (50,00 )12 (5 0 ] sin(8, (1) +7,(10) +6,0) ()
~211 (50,0 )12 (5, %) sin(8,(0) +7,(1) = 6,(1) —1(0))
211 (G0 )12 0,0 ) sin(8,(0) —3(0) = 8,(1) +7(1))

(1.3.8)
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P21 (G0 |12 (50 ) sin(6(0) +,(0 + 0,0 —3,0)

—217] (% yl(t)) 2 (% Yz(t)) sin(@l(t) +v, (1) —6,(2) _’Yz(t))”

(> eom:=[seq(diff (partlMod[i],t)+part2Mod[i]=0,i=1..2)];
R, 1 &
eom := [m] 1 ( " 0, (1 )] + g m2 (411 12 ( " Gz(t)j cos(, (1) —6,(1)) (1.3.9)
d d

—41112 (Ee (z)) sin(0, (1) —6,(1)) ( 6,1 — (E 92(1)))
d d |
— 41112 (—t 92(t)] cos(8,(1) +0,(1)) +4 1112 (E ez(z)) sin (6, (1)

)

d d d’
+o,(0)) (g 0,0 + 5 0,0 | #2112 [E
d

+0,(1) —yz(t)) —21112 (E ez(t)) sin(—el(t) +7,(2) +6,(2) —yz(t)) (

ez(r)) cos(—el(t) +v,(0)

2
_(% 0,(1) ) + 4, (1) + 4 8,(0) (% w(0) || +210112 ( jtz jcos(

d
-0,(1) +y, (1) —8,(1) —yz(t)) —21112 (E

—n0) (-(§ 0]+ gm0 - (5 en) - (§uon))

2

92(1)) sin(—el(t) +7,(¢) —6,(2)

CL

+21112 ( 92(t)] cos(8, (1) +7,(1) +6,(r) —,(1))

a7

ol

d G(t)—i-d

—21112 (— Gz(t)) sin(8,(#) +v,(1) +6,(1) —(1)) (E | TR

dt

d d d2
+ 4 00 — (E Y, (1 ))) +21112 [ 2 ) cos(8, (1) +v,(1) —6,(1)

d ez(z)) Sin(GI(t) + 7, (1) —6,(1) —Yz(t)) (

dr

2
+ 0 - (% 0,(1) | - (& w0 ) | ~2112 ( i ot )) cos( -0, (1

d 0, ()

—yz(z))—zzzzz( e,

Y1) +0,(0) — (1)) +211 12 (% yz(t)) sin( -0, (1) +7,(1) +6,(1)

d d d
—0) (-(§ 00 + gm0+ g en - (§ o))

2
+21112 (? yz(t)) cos( 0,(¢) +7v,(2) —6,(2) _Yz(t)>



—21112 (% yz(t)) sin(—el(t) +7,(¢) —6,(2) —yz(t)) (— (% el(t))

2
+ % v, (1) — ( gt 0,(t )) (% yz(t))) —2112 (% yz(t)j cos(Gl(t)
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